Dartmouth College

Dartmouth Digital Commons
Dartmouth Scholarship

Faculty Work

6-1-2015

Chiral Imprint of a Cosmic Gauge Field on Primordial Gravitational
Waves
Jannis Bielefeld
Dartmouth College

Robert R. Caldwell
Dartmouth College

Follow this and additional works at: https://digitalcommons.dartmouth.edu/facoa
Part of the Cosmology, Relativity, and Gravity Commons

Dartmouth Digital Commons Citation
Bielefeld, Jannis and Caldwell, Robert R., "Chiral Imprint of a Cosmic Gauge Field on Primordial
Gravitational Waves" (2015). Dartmouth Scholarship. 1958.
https://digitalcommons.dartmouth.edu/facoa/1958

This Article is brought to you for free and open access by the Faculty Work at Dartmouth Digital Commons. It has
been accepted for inclusion in Dartmouth Scholarship by an authorized administrator of Dartmouth Digital
Commons. For more information, please contact dartmouthdigitalcommons@groups.dartmouth.edu.

Chiral Imprint of a Cosmic Gauge Field on Primordial Gravitational Waves
Jannis Bielefeld and Robert R. Caldwell
Department of Physics and Astronomy, Dartmouth College,
6127 Wilder Laboratory, Hanover, New Hampshire 03755 USA
(Dated: September 13, 2017)

arXiv:1412.6104v1 [astro-ph.CO] 18 Dec 2014

A cosmological gauge field with isotropic stress-energy introduces parity violation into the behavior of gravitational waves. We show that a primordial spectrum of inflationary gravitational waves
develops a preferred handedness, left- or right-circularly polarized, depending on the abundance
and coupling of the gauge field during the radiation era. A modest abundance of the gauge field
would induce parity-violating correlations of the cosmic microwave background temperature and
polarization patterns that could be detected by current and future experiments.

Since the surprising discovery that parity is violated on
the atomic scale by the weak nuclear force [1], searches for
broken symmetries have proven to be a remarkably effective technique for uncovering new laws of physics. Here
we speculate that parity violation on cosmic scales may
be the sign of a dark gauge field. Our theoretical model
consists of a non-Abelian (Yang-Mills) gauge field which,
as we demonstrate, behaves like radiation through cosmic
history, but fluctuations of the field couple to gravity in
a way that distinguishes between left- and right-handed
circularly polarized gravitational waves. In this paper we
demonstrate the effect of this field on a primordial spectrum of gravitational waves and evaluate its impact on
the cosmic microwave background (CMB).
There is an extensive literature on speculative new
physics that leads to parity violation in cosmology, e.g.
Refs. [2–4], and more specifically in the gravitational sector [5]. But an asymmetry is perfectly compatible with
general relativity, without the need to invoke exotic interactions, as Stueckelberg first pointed out [6]. The physics
of the weak interaction contains all the necessary elements.
We consider the standard cosmological model with the
sole addition of a new gauge field as a toy model, with
an action given by
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Fµν ≡ ∂µ Aν − ∂ν Aµ − gYM 
AJµ AKν
where Greek letters are used to represent space-time indices, lower case Latin letters are spatial indices, and
upper case Latin letters I ∈ {1, 2, 3} are reserved for the
SU(2) indices. We assume a flavor-space locked configuration for the gauge field, wherein AIi = φ(τ )δiI , so that
the directions of the internal group space are aligned with
the principle spatial axes of the Robertson-Walker spacetime, ds2 = a2 (τ )(−dτ 2 + d~x2 ). This approach yields an
isotropic stress-energy tensor for the gauge field [7]. The
2
scalar potential equation of motion is φ00 + 2gYM
φ3 = 0
where the prime indicates derivative with respect to conformal time, with a well-known solution in terms of the
Jacobi elliptic sine-amplitude function [8], gYM φ(τ ) =

Figure 1. A single right-handed circularly polarized gravitational wave, in this case with wavelength equal to the radius
of the surface of last scattering and propagating in the vertical
direction, leaves a left-handed spiral pattern of temperature
anisotropy and polarization excess on the cosmic microwave
background (CMB) sky. In our scenario, the parity reversed
wave is damped by the flavor-space locked gauge field, so that
the “mirror image” is a right-handed spiral pattern of much
weaker temperature and polarization. There is a curl pattern
around the zero temperature swath passing diagonally across
the equator.

c1 sn(c1 (τ − τi ) + c2 | − 1). The constants are determined
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at the initial time τi as c41 = gYM
(φ02
i + gYM φi ) and
c2 = F (θ| − 1), an elliptic integral of the first kind, with
2
4
csc θi = 1 + φ02
i /gYM φi . The homogeneous, isotropic energy density and pressure of this Yang-Mills fluid are
2
2
ρYM = 3pYM = 3(φ02 + gYM
φ4 )/2a4 = 3c41 /2g√YM
a4 .
The gauge field oscillates with period τ = Γ( 41 )2 / 2πc1 ,
but its energy density and pressure scale with equa-

2
tion of state w = 1/3, like radiation. In order that
the field oscillate on a time scale to affect cosmological physics, the coupling must be exponentially small,
gYM ∼ O(H0 /MP ) ∼ 10−60 . An origin for this small
coupling as well as the flavor-space locked configuration
could be ascribed to an inflationary epoch, although that
is beyond the scope of our present investigation. Inflationary scenarios based on a similar gauge field, but requiring higher order couplings to matter fields, have been
studied elsewhere [9, 10].
The parity violation is manifest in the coupling to gravitational waves. To explain, consider a gravitational wave
passing through the gauge field described above. The
wave will induce a quadrupolar distortion, alternately
squeezing and stretching the stress and energy of the
gauge field. However, the gauge field itself possesses a
preferred handedness via the right-handed SU(2) structure constants. Since the fields are flavor-space locked,
the gauge field stress-energy will vibrate in sympathy to
a right-handed wave, and with antipathy to a left-handed
wave, somewhat like a rattleback top [11]. In detail,
we perturb the metric and gauge field δgµν = a2 (τ )hµν ,
δAIµ = a(τ )MP tij δIi δµj where tij and hij are transverse,
traceless, synchronous tensors, following Refs. [12, 13].
The equations of motion for the Fourier amplitudes of
a right circularly polarized gravitational wave traveling
in the +z direction, and the corresponding gauge field
fluctuation, are given by
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Upon the exchange k → −k, the equations now describe
a left circularly polarized gravitational wave, but with
very different consequences for the evolution — circular
dichroism — as can be seen by examining the change
in the effective mass term −2gYM φ for t and the coupling between h and t. For clarity, we have omitted
the anisotropic shear contributed by other species, such
as photons and neutrinos, although these effects are included in our cosmic microwave background (CMB) analysis. There is a rich variety of behavior in the evolution
of this system, dependent upon the coupling gYM , the
abundance RYM = ρYM /ρrad during the radiation era,
the relative contributions of electric and magnetic field
energy, φ0 and gYM φ2 , and the initial conditions for the
perturbations hR/L , tR/L .
We investigate a minimal scenario in which the initial
field energy of the YM fluid is split equally between the
electric and magnetic field, φ0 = gYM φ2 . We further
assume equal amplitude scale-free primordial spectra of

Figure 2. Top: Gravitational wave amplitude evolution as a
function of conformal time is shown for the case gYM = 0,
RYM = 0.03 (blue) and wavenumber k = 10 h/Mpc, as compared to the standard case RYM = 0 (green). The excitations
of the gauge field are shown (red) as an offset minus a constant
times (atA )2 , to illustrate their complementary behavior. The
solid (black) lines show the results of WKB solutions for the
envelopes of the oscillatory waveforms. Bottom: The case
gYM = 10−60 , RYM = 0.03 is shown. The waveforms capped
with solid lines are right-handed; those with dashed lines are
left-handed.

left- and right-handed gravitational waves. These initial
conditions, and the assumption that the initial tensor
fluctuations of the gauge field vanish deep in the radiation
era, allows the YM fluid to behave like radiation at early
times. The effects of the gauge field on the subsequent
evolution of the gravitational waves are illustrated in the
figures below.
The evolution of the gravitational wave amplitude is
shown for a variety of cases in Fig. 2. We begin by examining the behavior in the case gYM = 0, corresponding to
color electrodynamics. The background solution has φ0
constant, so the hA evolution equation (where the subscript “A” is for ambidextrous, since there is no parity
violation in this case) has a tachyonic mass that is responsible for the growth of long wavelength modes. One can
show analytically that ahA doubles for modes outside the
horizon, relative to the standard case. In the top panel of
Fig. 2, the amplitude of (ahA )2 (blue) is 22 times the amplitude of (ah)2 (green) going in to the first oscillation.
For modes that enter the horizon, there is a slow exchange
of amplitude between hA and tA . A WKB analysis for
sub-horizon modes shows that h2A + t2AR ∝ 1/a2 and the
0
0
exchange
√ is oscillatory with phase a0 kA dτ /a(τ ) where
kA = 2RYM Ωrad a0 H0 [14]. The gravitational wave
spectral density ΩGW is shown in Fig. 3, where the amplification and periodic modulation are clearly seen. The
WKB solution predicts a peak or dip in the spectral density every five orders of magnitude in k for RYM = 0.03
(an energy density comparable to ∆Nν ' 0.2.). Modes

3

Figure 3. The gravitational wave energy density spectrum
is shown as a function of comoving wavenumber. An ambidextrous, scale free spectrum at an inflationary scale HI =
10−5 MP is assumed. Top: The present-day spectrum in the
case with gYM = 0, RYM = 0.03 displays large oscillatory features due to the coupling between the gravitational waves and
the gauge field. For comparison, the standard case without
the gauge field is shown, as well as the effect of Standard
Model particle free-streaming and freeze-outs (taken from
Ref. [15]). Bottom: The case gYM = 10−60 , RYM = 0.03
is shown. The long wavelength modes are unaffected given
our choice of initial conditions in the background field.

that spend very little time outside the horizon after inflation experience very little growth, leading to a decay
in the amplitude of modulation. Since we begin our numerical calculation at a/a0 ∼ 10−16 , much later than
expected in a typical inflationary scenario, this effect can
be seen as the artificial decay of the spectral density at
high frequency in the figure. Note that the influence of
the gauge field on the spectrum is much larger than the
effect of photon and neutrino free-streaming, or brief departures from a pure radiation background when particle
species become non-relativistic.
The YM fluid case is shown in the second set of panels of Figs. 2, 3. The effective (squared) mass term for
the hR/L evolution equation now depends on the sign of
2
gYM
φ4 − φ02 . If positive it will damp long wavelength
modes, whereas if negative it will enhance long wavelength modes as in the gYM = 0 case. Initial conditions for φ can be chosen to accommodate either sign
without affecting the total energy density or pressure.
However we fix the initial conditions so that the field
has equal energy invested in the electric and magnetic
2
modes, gYM
φ4 = φ02 , whereupon the effective mass vanishes at the starting point. The subsequent background
2
evolution causes (gYM
φ4 − φ02 )/a4 to become non-zero
and grow relative to the energy density ρYM in a time
scale given by the period of oscillation of φ. If the cou-

pling gYM is sufficiently small, as for the case illustrated
in Fig. 3, then this time scale is longer than the age of
the universe, with the result that super horizon modes
are unaffected by the gauge field. If the coupling is large
enough so that the oscillations begin before the present
day, then the effective mass will lead to a suppression
of order unity, depending on the abundance RYM , of all
super horizon modes. We note that such suppression,
which can also be achieved through a different choice of
initial conditions for φ, φ0 could modify the predictions of
the gauge-flation and chromo-natural inflation scenarios
[9, 10, 13].
The difference in the evolution for left- and rightcircularly polarized waves is primarily due to the effective mass term for the gauge field tensor perturbations,
−2kgYM φ, which is tachyonic for right-handed modes.
The growth (suppression) of tR (tL ) is transferred to hR
(hL ) as the mode enters the horizon. Once the relative
amplitude is locked in at horizon entry and the fields
begin to oscillate rapidly, the slow exchange of amplitude between hR/L and tR/L again comes into play. A
WKB analysis for sub-horizon modes again shows that
h2R/L + t2R/L ∝ 1/a2 and the exchange is oscillatory with
similar phase if the background field is not yet oscillatory.
To evaluate the impact of this scenario on the CMB,
we have implemented the scalar and tensor perturbations
of the gauge field into CAMB [16]. The gauge field has
the biggest impact on tensor correlations. The scalar
sector also receives corrections due to the gauge field, in
the form of an anisotropic scalar shear, but the impact
on the CMB scalar spectrum is small. We ignore the
vector perturbations which may be shown to decay [14].
For these calculations RYM is the ratio between the YM
fluid density and the total relativistic energy density. We
assume the fraction of critical density in the relativistic
fluid is fixed by slightly adjusting the number of neutrino
degrees of freedom upon introducing the gauge field. We
otherwise assume standard ΛCDM parameters.
The CMB polarization can be decomposed into gradient E-modes and curl B-modes. In the tensor sector
the gauge field introduces two main effects. First, the
left- and right-handed contributions to the BB spectrum
now differ, as shown in Fig. 4. Hence, the temperature
and polarization anisotropy due to gravitational waves on
roughly degree scales is dominated by a superposition of
right-circularly polarized gravitational waves, which imprint left-helical patterns, similar to the display in Fig. 1.
It is curious to see that the individual contributions deviate strongly from ΛCDM but conspire in a way that puts
the combination of both close to the expected standard
cosmology result. Second, because temperature T and
gradient polarization E are both parity even but curl polarization is parity odd, the parity violation introduced
by the YM fluid allows for correlations between T B and
EB [3]. Detecting these exotic cross correlations is a
smoking gun for chiral effects in the universe. Typical
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Figure 4. CMB BB polarization autocorrelation spectra. The
pure left- and right-handed contributions deviate strongly
from ΛCDM (dashed) while their sum is closer to it. Solid
lines include a gauge field with gYM = 10−56 , RYM = 0.1 and
tensor-to-scalar ratio of r = 0.1. The thin line shows the BB
spectrum for the case gYM = 4 × 10−56 .

predictions of our model are plotted in Fig. 5.
There are many challenges to detecting the parityviolating cross correlations, not to mention the B-mode
signal. Galactic foregrounds, magnetic fields, weak lensing, and other systematic effects can all produce a false
positive; fortunately there is no fundamental barrier that
would prevent a detection that can distinguish a primordial signal. (See Ref. [17] for a recent summary.) But
there are other phenomena that could produce a parityviolating signal. First of all, cosmological birefringence
(CB) can lead to T B and EB power spectra by rotating
E into B through a novel coupling between electromagnetism and a cosmic pseudoscalar such as quintessence
[18]. A second possibility, broadly characterized as chiral gravity, posits a modification of gravity whereby an
asymmetry between left- and right-circularly polarized
waves is imprinted on the primordial spectrum. The
third possibility, as we have shown, is essentially cosmic
circular dichroism, whereby the asymmetry develops with
time from an initially symmetric primordial spectrum.
Would an actual detection directly point to chiral symmetry breaking on cosmological scales? In Ref. [19] it was
shown that the T B and EB spectra can be used to distinguish CB effects from chiral physics. As CB rotates
the E into a B contribution the measured B spectrum
would resemble the E one which makes this separation
into CB and chirality effects feasible. In turn, putting
limits on the amplitude of these spectra will put constraints on chiral physics in general and our model in
particular. In what follows we compute the constraints
that current and future CMB experiments would put on
the parameters of our model under the assumption that
T B and EB cross-correlations are measured.
The deviations seen in the CMB spectra would clearly
have an impact on the interpretation of a precision measurement of B modes [20]. As can be seen from Fig. 4,
the gauge field can vary the height of the BB spectrum
at the reionization bump near ` . 10 and at the pri-
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Figure 5. CMB temperature and polarization auto- and crosscorrelation power spectra. The parity violation allows for T B
and EB cross correlations. The dashed lines represent the
standard ΛCDM cosmology, solid lines include a gauge field
with gYM = 10−56 and RYM = 0.1 and tensor-to-scalar ratio
of r = 0.1. The T B and EB cross correlations only appear
when the gauge field is present.

mary acoustic peak near ` ∼ 100 by as much as ±50%.
However, we have the greatest leverage on new physics
by focusing on the exotic cross correlations. Hence, we
forecast the parameter constraints σRYM and σgYM using
Fisher matrix techniques, for which the Fisher matrix
reads
Fij =

X X ∂C X ∂C Y 

l
l
Ξ−1
l
XY
∂θi ∂θj
l

(3)

X,Y

where θ~ = (RYM , gYM ) and X, Y = {T B, EB}. The
Fisher matrix F is the inverse of the covariance matrix between RYM and gYM . The derivatives of the ClX
are obtained using CAMB. These derivatives are centered around a fiducial model: we choose gYM = 10−56 ,
RYM = 0.1 and the standard Planck ΛCDM values

 for
the cosmological parameters [21]. The matrix Ξ−1
l
XY
is the inverse of the T B-EB covariance matrix given
by ΞlX1 X2 ,X3 X4 = (C̃lX1 X3 C̃lX2 X4 + C̃lX1 X4 C̃lX2 X3 )/(2l +
0
0
−1
b −2
1) where C̃lXX ≡ ClXX + wXX
and X =
0 |Wl |
{T, E, B} [19]. The instrumental parameters
enter

the window function Wlb ' exp −l2 σb2 /2 due to the
−1
beam width, and the instrumental noise wXX
, where

5
−1
−1
wT−1T ≡ 4πσT2 /Npix and wEE
= wBB
≡ 4πσP2 /Npix
with the cross correlation contributions vanishing as the
noise in the polarization is assumed to have no correlation to the noise in the
√ temperature. In the window
function σb ≡ θFWHM / 8 ln 2 where the beam width
is measured in radians. Similarly, the number of pix−2
els is Npix = 4πθFWHM
and σT and σP are the temperature and polarization pixel noise. √These are given
by σT2 = (NET)2 Npix /tobs and σP = 2σT with NET
being the noise-equivalent temperature and tobs being
the observation time. The parameters are taken from
Ref. [19, 22] and summarized in Tab. I.

Instrument
Planck
CV limited

√
θFWHM [arcmin] NET [µK s] tobs [y]
7.1
45
2
5
0
1.2

Table I. Instrumental parameters for the two experiments considered in this paper. The parameters are the beamwidth
θFWHM , noise-equivalent temperature NET, and observation
time tobs .
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Figure 6. Forecasted 1- and 2-σ C.L. contours under the condition that T B and EB cross correlations are detected by
the respective experiments (indicated by the asterisk ∗). The
fiducial model is indicated by the black dot which represents
gYM = 10−56 and RYM = 0.1

The 1D marginalized confidence limits in a scenario in
which the Planck satellite measures T B and EB correlations are σgYM = 9.5 × 10−57 and σRYM = 0.030. For the
cosmic variance (CV) limited experiment these numbers
reduce to σgYM = 3.4 × 10−57 and σRYM = 8.1 × 10−3 ,
which would be able to make a detection of gYM feasible. The 1- and 2-σ contours are plotted in Fig. 6. For
this fiducial model Planck could make a 2-σ detection
of RYM , but cannot exclude the ambidextrous case since
gYM = 0 lies within its 1-σ contour. The future looks
brighter for a future satellite mission that gets closer to

a CV limited experiment, which could put constraints on
the chiral asymmetry; for the fiducial model, the coupling
gYM could be distinguished from zero at better than the
two sigma level. Such a limit could be used to determine
whether the gauge field is part of a dark sector that includes dark energy. If dark energy couples to the rolling
gauge field, or if the gauge field is dark energy, as in a
gauge-flation scenario, then the rate of cosmic acceleration may be linked to the chiral asymmetry.
Concluding, we present a simple model that breaks
parity on cosmological scales. We illustrate the impact
of this model on the gravitational wave spectrum and
the CMB, computing the power spectra along with new
T B and EB correlations that emerge in parity-breaking
models. A detection of one of these correlations could be
the sign of a flavor-space locked gauge field.
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